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Nonlinear Mechanical Effects in Silicon
Longitudinal Mode Beam Resonators

Ville Kaajakari, Tomi Mattila, Antti Lipsanen, and Aarne &

Abstract—The fundamental nonlinear mechanical effects in factor and much higher power handling capacity, the one
micromachined single-crystal silicon resonators are inv&tigated. dimensional nature of the beam resonators makes them well
Longitudinal mode beam resonators are chosen for the analys g jjteq for the analysis of the fundamental resonator perfor
due to their simple geometry and high quality factor Q@ > L . . S
100 000. Analytical model for the resonator is developed in terms mance_llmltg_ By measuring resonators orlent_ed in d_n_‘fEren
of nonlinear engineering Young's modulus that incorporates both ~ Crystalline directions, direct evidence on material noedirity
geometrical and material effects. For comparison with theheory, is obtained.
beam resonators were fabricated in two different crystallne The paper is organized as follows: First, in Section Il, the
directions. The measured nonlinearity is larger for beamsmn [110] large deformation theory is used to calculate nonlineaasil
direction than for beams in [100] direction in agreement wih the \ . . ..
theoretical prediction. The results provide a quantitative value Young's modulus. Due to material e_ﬁeCt_S’ the nonlineaisty
for the appearance of the material-induced nonlinear effets in  found to be larger for beams [a10]direction than for beams
single-crystal silicon microresonators. in [100] direction. In Section 1ll, a lumped equivalent model

Index Terms—Bulk acoustic wave devices, Hysteresis, Mi- that includes the nonlinear Young's modulus is developed
croresonators, Nonlinear oscillators, Nonlinearities, Rsonators for the longitudinal mode beam resonator. In Section IV, the

theory of nonlinear forced vibrations is applied to the lwdp
beam resonator model. An analytical expression is given to
|. INTRODUCTION estimate th(=T resonator vibration amplitude maxir_num lichite
) ) ) _ by hysteresis. In Section V, the lumped model is compared

Micromechanical oscillators and lters are a potential alt—0 simulations based on a continuum model and excellent
ternative to the size consuming and costly macroscopic Collkreement is obtained. The paper is concluded with Section V
ponents such as quartz resonators. Silicon resonatorere oo experimental results on measured nonlinearities are

as an especially interesting technology due to their cortnp%qven. The predicted difference between h&0]and[100]di-
size and suitability for integration with IC technologieH.[ rection is veri ed. In general, the results provide a queatiie
However, the small size of micromechanical components {i e for the onset of the materia-induced nonlinear ¢éféc
comparison to their macroscopic counter parts unavoidally,qe_crystal silicon microresonators. This is of fundanal

results in a smaller power handling capacity. Thus, formopti o tance in determining the microresonator performance
performance, the devices may need to be operated close to the

material limits for linear operation. Quantifying thesmiis is
therefore of fundamental signi cance.

Comparison of different microresonator types has shownSingle-crystal silicon is often regarded as a linear materi
that bulk acoustic wave based resonators are capable aerdgntil the fracture point. However, a high quality factor reak
of-magnitude higher energy storage density than exurat remicroresonators susceptible to nonlinearities and even th
onators [2]. Moreover, the measured nonlinear vibratieneh small silicon material nonlinearity can become signi calmt
been close to the estimated material limits. However, rsldition to the material nonlinearity, large deformatiaiso
experimental evidence on the material nonlinearity ircsiti  result in geometrical nonlinear effects. As an example, the
resonators have been presented. beam cross sectional area decreases in response to stgetchi

In this paper, the nonlinear effects in silicon resonatofg’ce and the Cauchy stress = F=A for a given force
are quanti ed theoretically and experimentally for singlePecomes higher. In this paper, the geometrical and material
crystal silicon longitudinal mode devices. The operatidn donlinear effects are incorporated into nonlinear Young's
the longitudinal mode resonators is based on bulk acousi@dulus that is calculated using the large deformationrtheo
waves; Consequently, the resonators have been shown to o#fed the published values for the silicon third-order séffs
high quality factors over 100000 making them suitable fdgnsor [5].
low noise oscillators [3]. While different resonator gedries, ~ 1he nonlinear engineering Young's modulus is de ned as

Il. SILICON NONLINEARITY

plate resonators in particular [4], offer equally high dual T
Y = 5 Yo(1+ YiS + Y,S?); (1)
Address: VTT Technical Research Center of Finland, VTT dmfation ) . o
Technology, Tietotie 3, Espoo, FIN-02044 VTT, Finland whereT is the force divided by the initial undeformed area
Corresponding author: ville.kaajakari@vit. rst Piola-Kirchoff or engineering stress)s = @u=@is
This is a pre-print of paper published in Sensors and Actaako Physical, Eh displ ment gradi r?t with rg t t)s nd@f rm@d r
vol. 120(1), pp. 64-70 , 29 April 2005. € displacement gradie espect 10 undetormed coor-

doi:10.1016/j.sna.2004.11.010 dinates (engineering strain), an@ andY, are the rst- and



THIS IS A PRE-PRINT OF PAPER PUBLISHED IN SENSORS AND ACTUARS A: PHYSICAL, VOL. 120(1), PP. 64-70 , 29 APRIL 2005. 2

TABLE | u
CALCULATED NONLINEAR ENGINEERING YOUNG' S MODULUS I
Yo[GPa] Y1 Y2 >
Beam ([100]) 130 065 46 " 7
Beam ([110]) 170 26 81 u(2) # xsin— z
second-order corrections to the linear Young's modutys «— >
respectively. To calculate the linear and nonlinear terms i m L
Equation (1), we start from the Cauchy stress due to a nite
deformation. Including the geometrical (area and volume) Q .
changes and material stiffness effects, the Cauchy stsess i
...... » -
x @X@X
i (X)= —=——=(Cju « + Giu kW omn);  (2)
! a @p @a . e m Fig. 1. Schematic of the longitudinal mode beam resonatar the rst

whereX is the particle coordinate at the nite deformatian, ™°d€ shape

is the undeformed statex and 5 are the deformed and unde-
formed densitiesgjx andcjumn  are the second- and third-
order stiffness tensors, ang is the Lagrangian strain [6]. For
the silicon stiffness tensor, experimentally obtainedigal (in

longitudinal mode wave, thus, the device is sometimes meder
to a bulk acoustic wave (BAW) resonator [3]. Here a model

units of GPa)oy; = 165:64, C1p = 63:94, Cas = 79:51, Ciq = for the resonator is develope_d that jncorporates the nealin
795 Ci1p = 445 Cips = 75, Cuas = 15, Ciss = 310, Young's modulus c:_:tlculated in Section II.

Ciss = 86 are used [5]. The third-order elastic coef cients 1€ wave equation for a longitudinal displacemenin

are suf cient to describe elastic waves in silicon at higress P€ams is

levels (9.2 GPa) and the contribution of fourth order etasti @ = @ AY @“ : (5)

coef cients is negligible [7]. The second-order expansfon @ @z @z

Young's modulus (Equation (1)) therefore accurately dbssr | hore s the beam densityd is the beam cross sectional

the silicon nonlinearities in m|cr0resonator§. This |9f€d’éﬂt area, and is the nonlinear Young's modulus that includes the
from quartz where the fourth-order elastic coefcients arg..o and volume changes and the nonlinear material efRicts [

signi cant. _ _ _ . The solution of Equation (5) can be approximated by the finea
Here, Equation (2) is solved numerically as a functiog,,qe shape

of applied stress. The Cauchy stress is then related to the

engineering stress, also known as the rst Piola-Kircht#ss u(z;t) = x(t)sin z=2L; (6)
by 2 where x is the motion of the beam tip and is the beam
Ti = @x i (3) half length [9], [3]. The linear mode shape approximation is
@a justi ed by numerical simulations in Section V. Substitugi
The engineering strain is given by Equations (1) and (6) into (5) and integrating over the mode
shape leads to
Sii = @ 1: (4)
@a AL@X— 2 AY 1+4Y1+32Y22_ .
The nonlinear Young's modulus is obtained by tting the @ aL" 3T Tez X )

calculated strain and stress given by Equations (2), (3X4nd ) , i

to Equation (1). The obtained values for the Young's moduldd'® effective mass and the nonlinear spring constants can be
in [100] and [110] direction are tabulated in Table I wit{€cognized as

values in [100] direction agreeing with the published atiedy m= AL

results in [6]. The contribution of the anharmonic stiffaes K(X) = ko(L+ kix + kox2)

tensor Gjumn IS found to be signi cant. Accounting only ko= 2AY .= 4% godk, = 32V
for the geometric effects give¥; = 1:0 and Y, = 0:50 0= LK1= 3o andke = e

for the beam extension in botfi00] and [110] direction.  Thys the nonlinear vibrations in a longitudinal mode beam
This difference between the geometrical and material Eﬁe?esonator can be modeled as a lumped second order system.

can be used to experimentally verify the presence of materigye equation of motion for forced beam vibrations is written
effects: If only the geometrical effects were signi can® n 5¢

difference in nonlinearity would be observed for resonator
in [100] and [110] direction whereas an observed difference
indicates material nonlinearity.

8

mx + x+ k(x)x = F, coslt; (9)

wherex is the motion of beam tip, is the damping coef -
cient,F, is the magnitude of the forcing term at frequency
[Il. N ONLINEAR BEAM RESONATOR MODEL and the mass and spring constant are giyen by Equation (8).
The longitudinal mode beam resonator used in this study\ide also de ne the natural frequendy, = k=m and the
shown in Figure 1. The vibration mode is a half wave lengthuality factorQ = ! om= .
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TABLE II
IV. NONLINEAR FORCED VIBRATIONS
COMPARISON OF10 MHZ LONGITUDINAL MODE RESONATORS ORIENTED
The lumped model can be used to analytically characterize IN [100] AND [110] DIRECTION
the resonator nonlinearities and to estimate the maximum
vibration amplitude. Following Landau, the solutions tougg Parameter Symbo [lggf”ta[“l%] Units
t!on (9) are sea_rched by the method of successive approxima- gesonaior Reight h 0 10 o
tions by assuming a solution of form [10] Resonator width w 10 10 m
Resonator half length L 187 213 m
X(t) = Xo + X coslt + xpcos2t + xgcos3t + i (10) Linear spring constant ko 172 196  kN/m
kq 47 -15 108
The resonance behavior changes in the presence of nonlinear ka -3.9 -3.0 10:

; Hrati 1.1 21 10
term§ and the peak frequenty is related to the vibration Mass " 436 497  pkg
amplitudex; by Quality factor Q 1 1 10°

0 2 Critical vibration amplitude Xx¢ 270 190 nm

Fog="!o(l+ x 1) (11) Energy at critical amplitude Em 6.2 3.6 nJ

Power at critical amplitude Pm 3.9 2.3 w

where 3 5 Maximum strain Sqax 2.3 14 103
= —k2 —k2: 12

. L i ) Equations (16) and (17) can be used to compare the power
The t|n_1e harmonic vibration amplitude near the resonanceHand"ng capacity of different resonators [2]. Table Il o
then given by the critical vibration amplitudes for 10 MHz longitudinabrie
Fr =m 13 beam resonators oriented in [100] and [110] direction. The
(13) following is observed:

1) The resonator oriented in [110] direction is about 14%
larger than the resonator in [100] direction re ecting the
larger linear Young's modulus in [110] direction. Thus,
if one were not to account for the nonlinear material
effects, the larger size of the [110] resonator would be
expected result in a larger power handling capacity.

2) Due to the inclusion of the material effects, the non-

linearity factor for the resonator in [110] direction is

almost twice of that in [100] direction. The maximum

vibration amplitudex. is correspondingly about 30%

smaller.

The maximum power handling capacity for the resonator

in [110] direction is about half of that in [100] direction.

Thus, perhaps surprisingly, the smaller [100] resonator

has a higher power handling capacity due to smaller

material nonlinearities in comparison to [110] resonator.

MEPTE 192+ (0 202
Equations (11), (12) and (13) show that due to either pa@sitiv
or negative k1, the peak frequency always shifts to a loweer fr
guency with an increasing vibration amplitugde. Similarly,

a negativek, results in the peak frequency shifting to a lower
frequency, but a positivie, results in a higher peak frequency.
As indicated by Table | and Equation (8), tkgs are negative
for both crystalline directions. Due to the combined and

k, effects, the resonator peak frequency is always expected to
show a shift to a lower frequency.

A useful measure of the maximum vibration amplitude is
obtained by calculating the bifurcation point shown in Fig- 3)
ure 2(a). At higher excitation levels, the amplitude-frenay
relationship is no longer a single valued function and shows
hysteresis as illustrated in Figure 2(b). The vibration btonge
at the point of bifurcation is

1 . . . .
Xp = G (14) The maximum strains at thg nonlinear Ilm!t_ can be compared
P 3Qj | to the estimated fracture strain df10 2 for silicon [11]. The

maximum strain in the resonator center at critical vibmatio
As indicated in Figure 2(a), the critical vibration amptie&i amplitude is

(or the greatest vibration amplitude) is slightly highearh gmax - Xc. (18)
the vibration amplitude at the bifurcation point and is give ¢ 2L
by ) Thus, as Table Il shows, the nonlinearity limit is reached an
Xo = G—pe : (15) order-of-magnitude before the fracture.
3 3Q) ]

: . . . V. VERIFICATION OF RESONATOR MODEL
As Equation (15) shows, increasing the quality fadawers

the critical vibration amplitudes; as the resonator becomes 10 Verify the lumped model developed in Section Ill, the
more susceptible to nonlinearities. theoretical vibration amplitude given by Equation (13) was
The energy stored in the resonator at the critical vibratiGPmpared to simulations with a distributed model [2]. In the
amplitudex. is distributed model, the continuum is approximated with aircha
1, of four masses and springs. The mass-spring chain model has
Ec= Qkoxc (16) peen implemented as an electrical-equivalent model in the
and the drive level de ned as power dissipated in the resnnata‘plac simulation softwa.re..DlspIace_ment Versus frequerf_;ey
i sponses to a forced excitation are simulated using the hrdemo
! oE¢ balance analysis [12], [13]. As the harmonic balance amalys

Q : (17) is carried out in the frequency domain, it is computationall
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(a) The bifurcation poink}, and (b) Unstable region (dotted line) ©
critical vibration amplitudexc in amplitude-frequency curve ,qﬁ
used to estimate the maximum resulting in frequency hysteresis |
vibration amplitude (arrows) -200
Fig. 2. At bifurcation point, the vibration amplitude is natsingle valued -300 ; ‘ : ‘ : : : ‘ ‘
function leading to frequency hysteresis -1 08 -06 -04-02 0 02 04 06 08
Position [z/L]
Fig. 3. Simulated mode shape)(obtained with eight masses and springs

ef cient for systems that have a high quality factor and ar& the hysteresis limit and the linear mode shape (-).
thus slow to settle in the time domain (transient) analy&ig
convergence of the discretization was veri ed by repeatfrg 350

simulations with a model based on eight mass and springs. Tt ) - o -Simulation

difference was less than 1% validating the used discratizat _, 3°9 ! Analytical
Figure 3 shows the simulated vibration mode for the eigh E H

mass-spring chain at the hysteresis limit and the analytic: g 250 l: Nonconvergent

linear mode shapesinkx). The relative difference between 2 Vil solutions

the nonlinear simulated beam displacements and the line. E 2001 -

mode shape is less than 10 2 justifying the usage of linear § N

mode shape in Section Ill. Figure 4 shows a comparison of th g

analytical lumped model and the simulated distributed rhode > |

for the 10 MHz longitudinal mode resonator in [100] directio

Excellent agreement is obtained below the bifurcation {poin

As expected for the negatig andk,, the peak frequency

shifts to a lower frequency as the vibration amplitude in- X . . . X 1

creases. At large vibration amplitudes, the solution is aot -300  -200  -100 0 100 200 300

single valued function and has an unstable region. Thisdm se f-folHz]

as a frequency hysteresis in the simulation. The convergem@. 4.  Analytical and simulated vibration amplitude for & MHz

remains good for the frequency sweep from higher to lowf'9iiudinal mode resonator in [100] direction. The latgexcitation level
. results in hysteresis (sweep direction is indicated withvas). The grey area

frequency. However, for the sweep from lower to high@kdicates nonconvergent solutions.

frequency, the harmonic-balance solver has trouble ndirey

solution for the highest excitation level due to hysteresid

resulting sudden jump in vibration amplitude. Thus, it c&n brigure 5 was used as it maximizes the vibration amplitude
concluded that the analytical model and simulations agute Bor a given excitation voltage. The measurements were done
care should be used when simulating vibrations larger than fysing a HP4195A network analyzer and the resonance signal
critical vibration amplitude. was buffered with a JFET preampli er.
Figure 6 shows transmission curves for a [100] beam. At
VI. MEASURED NONLINEAR VIBRATIONS low excitation level, a linear response is obtained. As the
In order to verify the theoretical results on the nonlineaxcitation amplitude is increased, the resonance peaksshif
vibrations, single-crystal silicon beam resonators wexe- f to a lower frequency indicating nonlinearity in accordance
ricated and measured. The beams were etched using DRIEEquation (11). Eventually the transmission amplitude -
in [100] and [110] directions on SOI wafers. To release tHegequency curve shows hysteresis.
beams, the silicon etching was followed by wet etching of To accurately compare the experimental results with the
the sacri cial oxide with hydro uoric acid. To prevent stion theoretical model, measurement was carried out in two steps
after the release etch and subsequent rinse, €fiical point First, a series of transmission curves were measured bingary
drying was used. The resonator dimensions were9 m, the bias voltage at a low excitation level. This linear datsw
w =10 m, andL = 180 m. To eliminate unwanted used for resonator parameter extraction and for veri catié
effects from the capacitive nonlinearity, the resonatoesewn the model. Typical measurement for a beam in [100] direction
actuated with wide gap (1.5m) capacitive transducer [3],is shown in Figure 7(a) together with simulated transmis-
[2]. For excitation, symmetric drive con guration shown insion curves. Very good agreement between simulations and
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Fig. 5. Schematic of the resonator measurement set-up
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Fig. 6. Measured linear and nonlinear hysteretic responisa {100] beam 0.3 A Measurement

resonator 04 — Simulation

-0.5 I I I I

-400 -300 -200 -100 0 100 200 300 4
f - f,[Hz]

measurement is obtained. Next, the driving voltage angditu
was increased to characterize the nonlinearity in the @son
re_sp(_)nse. Figure 7(b) ShOW_S meas_urgd and simulated trar"S(_b) Large amplitude vibration resulting in nonlinear resge Upjas =
mission curves with increasing excitation level for the sam 4 v)

resonator. Due to the nonlinearity at higher excitatioreley

the peak frequency shifts to lower frequency as expected fag. 7. Measured (dotted line) and simulated (solid linegéir and nonlinear
the negativek2. transmission curves for a resonator in [100] direction {begparameters
A similar set of data for a beam in [110] direction is shown® = °** and¥z = 29)
in Figure 8. The critical observation is that the nonlingari
becomes signi cant at lower excitation levels for the resons
in [110] direction than for the ones in [100] direction. This
is in perfect agreement with the theoretical prediction enad
in Section IV con rming that the material nonlinearitiesear lightly doped silicon and the effect of doping is not known.
signi cant. If only the geometrical nonlinearities weresgent, Another source of error can be the beam anchoring. The
no directional difference in nonlinearity would be expecte anchors are at the resonator nodal point and thus theirteffec
The best t values for the nonlinear terms in Young'ds minimized. In fact, nite element simulations with Ansys
modulus wereY; = 0:4 andY, = 2:9 for the resonators show that the anchor induced frequency shift is less tha# 0.2
in [100] direction andY; = 1:7 andY, = 5:2 for the and large deformation analysis did not reveal any diffeeenc
resonators in [110] direction. These are about 40% lowaonlinearity between free and anchored beams. Finite ancho
than the predicted theoretical values. One possible eafitan effects, however, cannot be completely excluded. Neviagke
is the highly boron doped siliconN@E 5 10 1/cn?) even though a perfect agreement is not obtained, it can be
used for the microresonators measured in this study. Tbencluded that the measured resonator vibration ampbtude
literature data for the third-order stiffness sensor is &or are close to the predicted material limit.
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